Abstract. In this paper we study the existence of special symmetric solutions to a Hamiltonian hyperbolic-hyperbolic coupled spin-field system, where the spins are maps from R 2+1 into the sphere S 2 or the pseudo-sphere H 2 . This model was introduced in [20] and it is also known as the hyperbolic-hyperbolic generalized Ishimori system. Relying on the hyperbolic coordinates introduced in [16], we prove the existence of equivariant standing waves in both regular hyperbolic coordinates as well as similarity variables, and describe their asymptotic behaviour.
Introduction
In this paper we study hyperbolically equivariant standing wave solutions in standard as well as in self-similar variables for the hyperbolic-hyperbolic spin-field system, (1.1) u t = u ∧ ± xy u + u y φ x − u x φ y , φ xx − φ yy = −2 u, u x ∧ ± u y ± , for maps u from R 2+1 into either the unit sphere S 2 or the pseudo sphere H 2 which can be isometrically and equivariantly embedded into R 3 equipped with the standard Euclidean or the Lorentz metric η ± := diag(±1, 1, 1); and φ = φ(x, y, t), a real scalar field. As usual, we denote by xy := ∂ xx − ∂ yy , while we denote by u, v ± := u · (η ± v), and by u ∧ ± v := η ± (u ∧ v) with · and ∧ being the usual dot and wedge product in R 3 .
The above system is also known as the hyperbolic-hyperbolic generalized Ishimori model. Spin-field systems of this type were proposed by physicists investigating nonlinear excitations of spin-field models in 2 + 1 dimensions with a Hamiltonian formulation. They may be posed as elliptic-elliptic, elliptic-hyperbolic, hyperbolic-elliptic or, like (1.1) hyperbolic-hyperbolic systems. Y. Ishimori [13] , seeking to show that the dynamics of topological vortices need not generally be non-integrable, first proposed the ellipticelliptic and the hyperbolic-elliptic forms, in analogy with the 2d classical continuous isotropic Heisenberg spin chain. The elliptic-elliptic system is this intimately related to the Schrödinger map system, which has received increased attention in the last few years (e.g. [25, 5, 23, 21, 14, 22, 1, 3, 2] and references therein).
The integrable forms of the elliptic-hyperbolic and hyperbolic-elliptic systems have coupling terms u y φ x and u x φ y -in the map equation-of the same sign and are gauge equivalent to the corresponding Davey-Stewartson systems and have been studied by inverse scattering methods ( [17, 18, 26] ). Local and global well-posedness results under various regularity, size and/or decay conditions on the data can be found in the literature (e.g. [24, 19, 11, 12, 10, 15, 4, 14, 2] and references therein.)
The 2+1 hyperbolic-hyperbolic spin-field system (1.1) was introduced by Martina et al. [20] who observed the integrability of the system when φ xy = 0 and posed the question of its integrability when φ xy = 0. In [20] the authors studied (1.1) for φ xy = 0 and although could not definitely answer the integrability question, they proved that the system (1.1) has a special symmetry algebra 1 which is a property shared by other integrable nonlinear field equations in 2+1 dimensions (eg. KP equations, Davey Stewartson system). Hayashi and Saut later studied the Cauchy problem of Ishimori type systems for maps into S 2 and obtained well-posedness results for small smooth solutions with/without exponential decay assumption on initial data in [11, 12] .
In the present paper and in view of our results in [16] , we are interested instead in the existence and asymptotic behavior of standing wave solutions to (1.1) under special symmetry assumptions arising from the invariance of (1.1) under the hyperbolic rotations in the xy-plane. For the elliptic-hyperbolic and hyperbolic-elliptic Ishimori systems, where the coupling terms u y φ x and u x φ y have the same sign, a simple calculation shows that they do not process the desired symmetry property which prevents us to define equivariant solutions.
The system has a more complex nonlinear behavior than that of the purely power one studied in [16] . In analyzing the problem of standing waves solutions with certain symmetries, we adapt the geometric framework of [9] and [8] in the context of Schrödinger maps, to reduce (1.1) to an ODE system of independent variable a with a being a part of the hyperbolic coordinates (a, α) introduced in [16] (see section 3 for the exact change of coordinates), and study the existence of equivariant and self similar standing waves solutions which are weak solutions satisfying suitable compatibility conditions (see section 2). We also study the asymptotic behavior at spatial infinity of the solutions we construct. In fact, we observe rather different asymptotic properties between the different target manifolds S 2 and H 2 . When the problem is considered in similarity variables, equivariant standing waves behave even more differently at spatial infinity.
The maps of our standing wave solutions-just as the hyperbolically radial standing waves found in [16] -do not have finite L 2 gradient, as integration in dα becomes infinite. From this perspective, solutions with hyperbolic symmetry should be viewed as a limiting singular case. For the purposes of this paper, just as it was the case in [16] , this situation is not viewed as extremely undesirable. On the one hand, some important elementary waves, like plane waves and kinks, have infinite L 2 norm. On the other hand, since the hyperbolic Laplacian xy = ∂ xx − ∂ yy does not correspond to a positive energy and has characteristics, it is reasonable, at least as an initial step, to relax the finite L 2 gradient requirement and look for hyperbolically equivariant continuous standing waves.
Our strategy is to first parameterize the target manifold by polar coordinates (s, β) with tangent vectors denoted by (∂ s , ∂ β ). We express the unknown map u in terms of (s, β) to obtain a singular ordinary differential equation system.
Our combined results can be generally stated as follows:
Main Theorem. The system (1.1) admits equivariant standing wave weak solutions, which are smooth off the cross {|x| = |y|}.
The system also has equivariant standing wave weak solutions in the similarity variables (t − 1 2 x, t − 1 2 y), which are smooth off the cross {|x| = |y|} for every t = 0. Furthermore, we obtained detailed asymptotics at spatial infinity. Remark 1.1. In fact, along the cross {|x| = |y|}, the map u is C κ for some κ > 0 and the field φ has logarithmic singularities.
Roughly speaking, at spatial infinity, the solutions we find in the standard hyperbolic variables converge to rotation centers while those we find in the similarity variables converge to some circle (most likely not the rotation center). The full statement of the above result and a more detailed description of the asymptotic behavior will be given in Section 4 and 5. Preliminarily, in Section 2, we first discuss weak solutions of (1.1) to ensure that what we find in Sections 4 and 5 are qualified. In Section 3 we introduce the equivariance and the relevant coordinate systems.
Weak solution and compatibility condition.
In this section, we define weak solution of system (1.1) and give sufficient and necessary compatibility conditions to be satisfied by a class of solutions which include the standing waves and self-similar standing waves found in later sections.
Weak Solution. We say (u, φ) is a weak solution of (1.1) on I × R 2 , where I ⊂ R is an open interval, if (2.1) u ∈ S 2 or H 2 a.e., u, ∇u, φ, u ∧ ± ∇u, φ∇u, u, u x ∧ ± u y ± ∈ L 1 loc (I × R 2 ), and (2.2)
u ∧ ± u y , ψ y ± − u ∧ ± u x , ψ x ± + u, ψ t ± − φ u y , ψ x ± − u x , ψ y ± dtdxdy = 0,
(ρ xx − ρ yy )φ + 2ρ u, u x ∧ ± u y ± dtdxdy = 0, for any ψ ∈ C ∞ c (I × R 2 , R 3 ) and ρ ∈ C ∞ c (I × R 2 , R). Before we continue, it is worth pointing out a few useful properties of the Minkowski metric in R 3 . Namely,
and for u, v ∈ R 3 satisfying u, v − = 0,
Therefore J provides the almost complex structure on S 2 or H 2 . We note that the linear operator = ∂ 2 x −∂ 2 y has nontrivial characteristics {(k 1 , k 2 ) |k 1 | = |k 2 |}, where k 1 , k 2 are the Fourier variables of x, y. Therefore, the solution may have singularities along any surface in the form of {(t, x 0 (t) + α 1 s, y 0 (t) + α 2 s t, s ∈ R} , α 1,2 = ±1.
A similar situation also occurs in the cubic hyperbolic Schrödinger equation in 2D
In [16] , the authors constructed (hyperbolically) radial standing wave which satisfies certain compatibility conditions along
In our case, we choose the same surface and consider solutions which are smooth except along S. The cross S separate the plane R 2 into four cones: two horizontal (indexed by 'h') and two vertical (indexed by 'v'). In the rest of the manuscript, we will use notation like φ h,v ± to denote a function defined on one of the cones where ± indicates the sign of x in horizontal cones or the sign of y in vertical cones.
To consider weak solutions, since u is mapped to a manifold, in general we require u being continuous. In particularly we are interested in weak solutions whose the field function is in the form of
In the above form, we assumed that φ has exactly two orders -O(1) and the logarithmic order -in its asymptotic expansion near the possible singularity S. In fact,
and similar limiting property holds for all φ h,v
(1,2)± as well. The adoption of the logarithmic order is due to the fact that, in the hyperbolic coordinates (a, α) on R 2 to be introduced in Section 3, log |a| = 1 2 (log |x + y| + log |x − y|), α = 1 2 (log |x + y| − log |x − y|)
are solutions to the free wave equation which is the leading linear part of the φ equation. Sometimes it is more convenient to work with characteristic coordinate (ξ, η)
where the field φ takes the form
and
In addition to (2.1), we also assume that, for each i ∈ {u, l, d, r} and t ∈ I where I ⊂ R is an open interval, (2.7) u ∈ C 0 (I × R 2 ) and away from S, (u, φ) is smooth and satisfies (1.1);
3± ∈ C 0 on the closure of the cones, ;
The L p loc (R) convergence of u ξ as a function of ξ as η → 0 (or u η as a function of η as ξ → 0) along a sequence η = ±ǫ n is a weak assumption which holds automatically if u is piecewise C 1 in the four cones and C 0 on R 2 .
In the rest of the section, we will identify necessary and sufficient conditions which ensures such (u, φ) satisfy (2.2).
Compatibility Condition. In the characteristic coordinate (ξ, η), equation (2.2) can be written as (2.8)
In order to state the compatibility conditions, we first introduce a few notations. Let 
where the indices in c 1,3 and c 2,4 are determined by the sign of ξ and η.
We will prove the above equivalence property in the following manner. First we use the second equation of (2.8), which is equivalent to (2.13) to derive (2.15)-(2.18) in below, which implies (2.9). Then we show (2.9) implies the field equation (or equivalently the second equation of (2.8)) if and only if (2.10) holds. In summary, the second equation of (2.8) is equivalent to (2.9) and (2.10). Finally, we derive that the first equation of (2.8) is equivalent to (2.20) which is true if and only if (2.9)-(2.12) hold.
Proof. We start with the field equation. Since the logarithmic function is locally integrable even near the singularity, for any test function ρ, we have lim
Since (u, φ) are classical solution away from S, integrate the above equation by parts, we have that the second equation of (2.8) holds if and only (2.13)
Choosing ρ to be vanishing on η = 0, namely, ρ(t, ξ, 0) = 0, then |(ρφ)(t, ξ, ±ǫ)| ≤ C|ǫ log ǫ|, |(ρ ξ φ)(t, ξ, ±ǫ)| ≤ C|ǫ log ǫ|, for |ξ| ≥ ǫ where the constant C is independent of ǫ. It implies |I| + |II| ≤ C|ǫ log ǫ|.
Together with (2.13), we get, for such ρ, (2.14) 0 = lim
We first note that |III 1 | = O(1) and according to (2.6),
Therefore, (2.14) implies
for all ρ ∈ C ∞ c (I × R 2 ) such that ρ(t, ξ, 0) = 0. Clearly, this condition is equivalent to
are independent of η.
Under this condition, we obtain
and thus it has to hold that
To analyze III 1 , we carry out a similar calculation using the integrability of log |η| and the dominant convergence theorem
Again, (2.14) implies
are independent of η for ∓η > 0. The piecewise continuity assumptions on φ 1,3 immediately yield
Proceeding from (2.13) again and choosing ρ(t, 0, η) = 0, we then have that
are independent of ξ.
, c 1 (t, ξ) and c 3 (t, ξ) are independent of ξ.
The above conditions (2.15)-(2.18) immediately imply (2.9) . This is a necessary condition to ensure (2.13) hold which is equivalent to the second equation of (2.8), the weak solution criterion for the class of functions (u, φ) under our consideration.
Under condition (2.9), we shall analyze (2.13) for any given test function ρ. Using the dominant convergence theorem and (2.9), one may compute (skipping writing the t variable)
Finally, we compute I using (2.9), the dominant convergence theorem, and the O(|z| δ ) decay of φ 1,2 (t, z) at z = 0 (skipping writing the t variable)
The above three estimates combined imply that, under condition (2.9), limit (2.13) holds if and only if (2.19) (φ Finally, integrating the first equation of (2.8) by parts along ξ = ±ǫ n and η = ±ǫ n where ǫ n was given in (2.7), we obtain that it is equivalent to 0 = lim
Since it is assumed in (2.
, and a similar property for u η , the integrals involving u ∧ ± u ξ and u ∧ ± u η converge to 0 as n → ∞ and thus (2.8) holds if and only if (2.20)
We will focus on the first integral and the second one can be treated similarly. By (2.7) (in particular the L p convergence of u ξ as η → 0) and (2.18), we have
Again from (2.7) and (2.9), one can compute (skipping writing the t variable)
Finally, (2.9) and (2.7) imply
Combining the above equalities we obtain
Much similarly, the other integral in (2.20) can also be computed
By considering all test functions, it is easy to see that, in addition to (2.9) and (2.10), (2.20) implies (2.12) .
Equivariant maps and coordinates
Suppose groups G M and G N act on two sets M and N , respectively, and ρ :
For the Ishimori system (1.1), let M = R 1+2 , N = S 2 (or H 2 ) × R, then solutions are maps from M to N . We note that this system is invariant under the following commutative group actions on M and N , respectively,
The invariance of (1.1) under the action of f t 0 ,0 on M (invariance under translation in time) and under the action off τ 0 ,α 0 on N , due to the facts thatf τ 0 ,α 0 acts on S 2 (or H 2 ) isometrically and that only ∇φ appears in the equations, is obvious. Though one may verify directly, it is easier to see the invariance of (1.1) under the action of f 0,α 0 in hyperbolic coordinates (a, α).
Hyperbolic coordinates on R 2 . For |x| = |y|, we let (3.2) x = a cosh α , y = a sinh α , when |x| > |y|, x = a sinh α , y = a cosh α , when |x| < |y|.
Obviously, the transformation is not well defined along the cross |x| = |y|, which actually correspond to (|a| = 0, |α| = ∞). One may easily compute, for ±(|x| − |y|) > 0,
In terms of (a, α), (1.1) takes the following form in the horizontal/vertical cones (i.e. |x| > |y| or |x| < |y|) :
where J is the complex structure on S 2 or H 2 defined in (2.5) which is simply counterclockwise rotation by π 2 on the tangent space. It is clear that the above equations, which are equivalent to (1.1), are invariant under the translation in α which is equivalent to the action f 0,α 0 .
For any (µ, k, c) ∈ R 3 , define a homomorphism ρ µ,k,c :
We say a map (u, φ) is (µ, k, c)-equivariant or simply equivariant if
When k = 0, an equivariant solution becomes radial in hyperbolic coordinates.
If in addition u is piecewise C 1 with possible derivative discontinuity along {|x| = |y|}, then in each cone separated by {|x| = |y|}, ∂ x u(t, 0, 0) = ∂ y u(t, 0, 0) = 0 for all t.
Proof. Obviously statement (3) is only a corollary of (1) and (2) . Taking t 0 = 0 in (3.5) and letting λ ± = cosh α 0 ± sinh α 0 = e ±α 0 , we obtain
If k = 0, it is immediately clear that u(t, x, ±x) = u(t, 0, 0) and thus conclusion (1) follows. If k = 0, taking x = 0 in the above equality implies u(t, 0, 0) is invariant under the rotation on S 2 (or H 2 ) and thus it has to be a rotation center which implies u 1,2 (t, 0, 0) = 0. Moreover, that equality also implies that the image of {(t, x, ±x) | x ∈ R} is a pair of curves both containing the rotation center and invariant under the rotation. Therefore statement (2) follows.
Since rotations are involved in the equivariance, it is natural to introduce the 'polar' coordinates on the target surfaces.
'Polar' coordinates on surfaces of revolution. Let N be a connected complete surface, O ∈ N , exp O be the exponential map from T O N to N . Let (s, β) be a polar coordinate on T O N centered at the origin. We say N is a surface of revolution, i.e. rotationally invariant, if the rotation by β 0 on N
is an isometry for all β 0 . For any such surface, (s, β) through exp O , for β ∈ S 1 and s ∈ (0, s 0 ) where s 0 ∈ (0, +∞], is a global coordinate system on N except for O and at most one more point -the point realizing the maximal distance s 0 to O on N if s 0 < ∞. The Riemannian structure on N is given in terms of (s, β) 
It is straight forward to compute
Equivariant Standing waves.
In this section, we study equivariant standing wave solutions of (1.1) which are weak solutions. The equivariance is in the sense of (3.5). In terms of the hyperbolic coordinates (a, α) given in (3.2) in each of the four cones in R 2 and the polar coordinates (s, β) on the target manifold (with the metric given by Γ) introduced in Section 3, such solutions are in the form of
where R(·) is the rotation defined in (3.6). Moreover, Lemma 3.1 implies that when u is C 0 , it satifies
Moreover, if u is piecewise C 1 on {|x| = |y|}, then W a (0) = 0. As in Section 2, we use notations like u h,v ± etc. to denote quantities u restricted in the horizontal and vertical cones with the sign ± determined by the sign of x and y, respectively. Our main results are as follows:
Main Theorem 1. For any given (µ, k, c) ∈ R 3 none of which vanishes, system (1.1) admits nontrivial (µ, k, c)-equivariant standing wave solution solutions from R 1+2 to S 2 or H 2 which are weak solutions.
± (a) are smooth for a > 0 and are locally C κ for a ≥ 0 with the
We further obtain asymptotic expansion of s h,v ± (a) and β h,v ± (a) of these solutions in terms of the (hyperbolic) radial variable a near ∞.
Main Theorem 2. Given a triple (µ, k, c), none of which vanishes, and a constant b such that 0 < c 2 < −4(k 2 + bk). The solutions given in Theorem 1 satisfy for a >> 1,
If µ > 0, then s v ± and β v ± satisfy the above estimates.
(2) Suppose the target manifold is S 2 (compact) and µ > 0, then we have either
or there exist constantsĒ ∞ > 2 √ µ|c| and θ 0 such that
Suppose the target manifold is S 2 (compact) and µ < 0, then s v ± and β v ± satisfy the above estimates.
(3) Suppose the target manifold is H 2 (noncompact). For the solutions obtained in
In particular, the above asymptotic expansions, which actually hold for general target manifolds with rotational symmetry, indicate that these solutions are not trivial. Geometrically, these solutions map each branch of hyperbola x 2 − y 2 = h to a equi-distance circle to the rotation center on the target manifold. Each ray in R 2 other than {|x| = |y|} is mapped to a curve on the target manifold starting at the rotation center. From one pair of cones (the horizontal pair or the vertical pair), these curves end at the same rotation center (the above case (1)). From the other pair of cones, these curves either are taken to be a single point -the rotational center -in the case of non-compact target manifolds (the above case (3)) or end at the other rotation center (the above case (2)) in the case of compact target manifolds. Therefore, the image of the quadrants in the case (1) can be viewed as a retractable bubble and, whicle those of the case (2) are not retractable and occupy the whole target manifold. Moreover, in the case (1), the image curves of the rays converge to the limit along a single direction as a → ∞ and, in the case (2), they converge in a spiraling fashion. On the other hand, in the case when the target manifolds are non-compact like H 2 and µ > 0, we can not rule out equivariant solutions which are non-trivial in horizontal cones as the corresponding ODE becomes too technical to be analyzed whose solution may not always exist globally in a. We took trivial solutions in those cases for simplicity.
In Subsection 4.1, we rewrite the problem into ODE systems and derive some of their basic properties. Main Theorems 1 is proved in subsection 4.2 and 4.3. Asymptotic estimates in Main Theorem 2 are obtained in Subsection 4.4 (case (1)) and Subsection 4.5 (case (2)). In Subsection 4.6 where we verify that the solutions obtained in this section are weak solution of the Ishimori system. Except this subsection, most of the argument in this section are carried out for general surface of revolution with the metric given by a general Γ as described in the last section.
Finally, we discuss radial solutions (in hyperbolic coordinates) in Subsection 4.7 and prove that there do not exist equivariant standing waves which are weak solution of (1.1) such that u maps the cross {|x| = |y|} to the rotation center.
4.1. Preliminaries. In this ansatz (4.1), the Ishimori system, which can be rewritten as equations (3.3) and (3.4) , is equivalent (in hyperbolic coordinate system) to
where Γ(s) = sin s for S 2 and Γ(s) = sinh s for H 2 and s(a) = s W (a) is the s coordinate of W (a). However, in most of the arguments, we do not have to limit to these two manifolds.
Remark 4.1. Observations:
is also a solution of (4.4) with parameters (−µ, k, b, c). (2) (4.3) and (4.4) are both reversible, i.e. if W (a), ψ(a) , a > 0 is a solution of (4.3) with parameters (µ, k, b, c), then W (−a), ψ(−a) , a < 0, is also a solution of (4.3). Therefore, we will focus on In the rest of the is section, we will work under this assumption. This assumption/properties, which admits logarithmic singularity of φ, is in line with the form (2.6) of weak solutions we considered in Section 2. In fact, one may start working with b
± arising from different cones must be the same in order for the compatibility condition 2.1 to be satisfied.
Secondly, recall our goal is to find equivariant standing waves qualified to be weak solutions of (1.1). They satisfy (4.3) and (4.4) only in the interior of horizontal and vertical cones (i.e. a = 0), respectively. In order to verify what we will find in the following subsections are actual weak solutions, one necessary condition is ∇u ∈ L 1 loc as required in (2.1). In terms of the characteristic coordinates (ξ, η) which satisfy in the right side horizontal cone {ξ, η > 0}
one may compute for equivariant maps given in (4.1)
Therefore it is natural (at least for the case k = 0) to look for solutions satisfying assumptions From assumption (5.14) and the second equation of (4.3), it is easy to see
Substituting it into the first equation of (4.3) and using ∂ β = ΓJ ∂ s , we obtain
It seems that this equation is well defined only for s = 0 (and s = π as well for S 2 ) where ∂ β is defined. However, this is only a coordinate singularity which can be removed by rewriting the equation. Let, for W ∈ S 2 or H 2 ,
Even though the radial coordinate s(W ) can take multiple values for given W , our odd (and periodic in the case of S 2 ) extension of Γ implies that G and F are smooth functions defined on the surface and thus their gradients define smooth vector fields on the surface. Equation (4.8) can written as
This equation is subject to boundary conditions (4.2) and (4.6) at a = 0. When k 2 + bk = 0, we have either k = 0 or b = −k. The first case corresponds to radial solutions, which will be discussed in subsection 4.7. Our analysis fails in the second case. However, this case is not generic (compared with b = −k) and has no significant geometric difference as k = 0. We thus skip this case. In the spirit of this lemma and assumption (4.6), in the rest of this section except subsection 4.7, we will work under the assumption k 2 + bk < 0.
Proof. Since k = 0, Lemma 3.1 implies W (0) = (1, 0, 0) and thus s(0) = 0 (Lemma 3.1 can be easily modified for general surfaces of revolution). Multiplying (4.9) by a 2 W a and using (3.9), we obtain (4.10)
For small |s| << 1,
Since k 2 + bk > 0 the above equality implies that there exist a 0 , c 1,2 > 0 such that for a ∈ (0, a 0 )
The Gronwall inequality immediately implies that s ≡ 0 which competes the proof.
Since the Ishimori system is invariant under rotations on the target manifold, the angular β coordinate of W is not as important as the radial coordinate s and the component of W a in the radial and angular directions in the tangent space. We first rewrite equation (4.8) or equivalently (4.9). While s a = W a , ∂ s , let
One may compute using (3.8), (3.9),
(4.12)
Similarly,
(4.13)
Boundary condition (4.2) implies (4.14)
Clearly the above equations form a non-autonomous system (with singularity at a = 0) of unknowns (s, s a , σ).
Motivated by (4.10) and (4.11), we rewrite W a in (scaled) polar coordinates in T W S 2 (or T W H 2 ). Let as a Γ = r cos γ, aσ Γ = r sin γ.
One may compute using equations (4.12) and (4.13) (4.15)
We notice that the term
Gs
Γ is smooth at s = 0 and for r = 0, the only singularity in the above is 1 a . To remove this singularity, we change the variable to τ = log a and obtain (4.16)
Depending on the goals in different steps, we will use equations (4.8), (4.12), (4.13), (4.15), and (4.16) in an intertwined way. The rest of this section is divided into six subsections. In subsection 4.2, we prove the local existence of solutions of (4.9) based on invariant manifold theory. Then we give some global existence results in subsection 4.3. It turns out the sign of µ and the geometry of the target manifold (compactness and non-compactness) affects the asymptotic analysis. In subsection 4.4, we obtain asymptotic formulae of solutions obtained from subsection 4.2 at a = ∞ for µ < 0. The next subsection gives asymptotic formulae of solutions on compact surfaces for µ > 0. In subsection 4.6, we verify that our equivariant solutions are weak solutions of (1.1) according to (2.1) and (2.2). Finally, we present some nonexistence result for radial solutions in subsection 4.7.
4.2. Solution of (4.9) near a = 0 assuming bk + k 2 < 0. Notice the plane Π {a = 0, s = 0} is invariant under the system (4.16) and a solution of (4.9) satisfying s(a = 0) = 0 corresponds to a solution of (4.16) which converges to Π as τ → −∞. On Π, (4.16) is reduced to (4.17)
Recall we have assumed
due to Lemma 4.2 and thus {r 2 = −(k 2 + bk)} is an invariant circle of (4.17) if k 2 + bk < 0.
Case I (k 2 + bk < 0, c 2 < −4(k 2 + bk)). In this case, the invariant circle contains two fixed points
.
Linearizing (4.16) at (s, a, r, γ) = (0, 0, −(k 2 + bk), γ ± ), the Jacobian matrix is
which implies by standard invariant manifold theory that (0, −(k 2 + bk), γ ± , 0) has 2 or 3 dimensional smooth unstable manifold, respectively. In the later case where cos γ − < 0, the unique unstable manifold is given by {s = 0}. So we look for a nontrivial solution near (0, −(k 2 + bk), γ + , 0). The unique local unstable manifold is given by
This manifold is locally invariant under the flow of (4.9), i.e. solutions with initial data on this manifold can only exit this manifold through its boundary. Moreover, given any solution (a, r, γ, a)(τ ) of (4.16), clearly (±s, r, γ, ±a)(τ ) is still a solution and it implies that r(s, a) and γ(s, a) are even functions.
It is standard that solutions on the unstable manifold converge to the steady state as τ → −∞. We give a more precise description of solutions on this manifold in the following. Let s = a κ q, where κ = −(k 2 + bk) − 
h(a, q).
, where q ⋆ = a −κ s ⋆ , is smooth except for a = 0 and smooth in q everywhere. Moreover, both h and h q are of order O(a min{2κ−1,1} ).
Consequently, for any a 0 ∈ (−a ⋆ , a ⋆ ) and q(a 0 ) ∈ (−q ⋆ , q ⋆ ), (4.20) has a unique solution for a ∈ (−a ⋆ , a ⋆ ) continuously depending on q(a 0 ), which is C min{2κ,1} in a at a = 0 and C 1 everywhere else. Clearly q(a) ≡ 0 is the solution for q(a 0 ) = 0. In this case, the unique 1-d local unstable manifold coincides with the unstable manifold of the sub-system in the invariant subset {s = 0} and thus is contained in {s = 0}.
Case III (k 2 + bk < 0, c 2 > −4(k 2 + bk)). In this case, the invariant circle is a periodic orbit. To find solutions asymptotic to this orbit, it is natural to study eigenvalues of the monodromy matrix. If we denote the fundamental matrix solution of linearized equation around the periodic solution by DΦ(t), then the monodromy matrix M(t) is given by DΦ(t + T )(DΦ(t)) −1 , where T is the period of the periodic solution. The Floquet theory shows the eigenvalues of M(t) is independent of t. To compute the eigenvalues of M(t), we reparametrize (4.16) by γ in a neighborhood of the circle to obtain (4.21) Remark 4.4. We obtain local solutions of (4.16) by constructing the unstable manifold of some fixed point. In the degenerate case of b = −k, one needs a different approach rather than change of coordinates leading to (4.16).
We summarize the local existence result in the following lemma. Integrating the above equation with respect to a and using the fact a|W a | → 0 as a → 0 and F (0) = 0, the proof of the lemma is complete. According to Lemma 4.6, for solutions of (4.9) obtained in Proposition 4.5 we have (4.23)
2 ) s = 0. Corollary 4.8. Suppose c = 0 and s 0 < ∞ where s 0 was given in the definition of Γ in Section 3. Let W (a), a ∈ (−a 1 , a 2 ), a 1,2 ∈ (0, ∞], be a solution of (4.9) obtained in Proposition 4.5. Then s(a) ∈ (−s 0 , s 0 ) for all a ∈ (−a 1 , a 2 ).
In fact, the corollary simply follows from s 2 a + c 2 F 2 a 2 Γ 2 = |W a | 2 < ∞ at any a ∈ (−a 1 , a 2 ). The assumption s 0 < ∞ is equivalent to compactness of the surface of revolution. In the case of S 2 , the above corollary means those solutions (starting at the north pole) would never reach the south poles for any finite a in the interval of their existence.
4.3.
Global existence of solutions to (4.9). Before we consider the asymptotic behavior as a → +∞ of solutions to (4.8) or equivalently (4.9), we first establish certain general global existence of solutions.
Lemma 4.9.
(1) If the target manifold satisfies that there exists C > 0 such that
then any solution W (a) of (4.9) with value given at a 0 > 0 is defined for all a ≥ a 0 . (2) Suppose µ < 0. For any a 0 > 0 and S > 0, there exists δ > 0 such that if W (a) is a solution of (4.9) and Proof. To prove the first statement, let a 1 > a 0 and we will obtain a priori estimates on s(a) and |W a (a)| on [a 0 , a 1 ]. In fact, for any a ∈ [a 0 , a 1 ], on the one hand,
where the constant C ′ depends on a 0 , a 1 , s(a 0 ), but independent of a. On the other hand, from (4.10) and (4.11) and the assumptions on F , we obtain, for a ∈ [a 0 , a 1 ],
where again the constant C ′ depends on a 0 , a 1 , |W a (a 0 )| and |Γ(a 0 )| but independent of a. The above inequalities imply
where C 1,2 are independent of a. The Gronwall inequality implies the estimates of s(a) and |W a (a)| on [a 0 , a 1 ]. As a 1 is arbitrary, we obtain the global existence of W (a) for a ≥ a 0 . To prove the second statement where µ < 0, without loss of generality, we may assume S < −µ sup s∈[0,s 0 ] F (s) where s 0 was given in the definition of Γ in Section 3. Let
where C 0 < ∞ since near s = 0, both G s and √ F are of order O(s). Let
Clearly a 1 > a 0 if we choose δ < S. Multiplying (4.9) by W a we obtain, for a ∈ [a 0 , a 1 ], (4.24)
a 0 , dropping the good term − 1 a |W a | 2 in the above, and applying Gronwall inequality, we obtain a 1 = ∞ and 1 2 |W a | 2 − µF ≤ S for all a ≥ a 0 . In particular, we have for all a ≥ a 0 ,
Finally let
Clearly g is bounded and lim a→∞ g(a) exists since and is decreasing and thus we obtain the last convergence results claimed in the lemma.
In the following, we split our discussion into cases µ < 0 and µ > 0. Lemma 4.9 ensures that all solutions given by Proposition 4.5 sufficiently close to W (a) ≡ 0 satisfy the above condition. In fact, the following lemma indicates that a larger class of solutions satisfy this assumption.
Lemma 4.11. Suppose µ < 0 and c 2 < −4(k 2 + bk). Let W (a), a ∈ (0, a 0 ], be a nontrivial solution of (4.9) satisfying s(0) = 0 and lim a→0+ a|W a (a)| = 0. Then for all a ∈ (0, a 0 ] |s(a)| ≤s sup{s :
Remark 4.12. 1.) Note that ifs < s 0 and a solution W (a) of (4.9) satisfies s(0) = 0 and lim a→0+ a|W a (a)| = 0, then the above lemma implies that W (a) exists for all a ∈ R and satisfies (A1). Proof. Note that a simple Taylor expansion at s = 0 impliess > 0 under the assumption of the lemma. Moreover, we claims < s 0 ors = +∞. For s 0 = +∞, the claim is trivial. For s 0 < +∞ and c = 0, we haves < s 0 . Therefore, we only need to consider the case where s 0 < ∞ and c = 0. In this case, we note G is even about s = 0 and 2s 0 -periodic and thus ifs ≥ s 0 , we must haves = +∞.
To complete the proof of the lemma, we assumes < s 0 without loss of generality. Let
If a 1 < a 0 , then |s(a 1 )| =s and F (s(a 1 )) ≥ F (s(a)) for all a ∈ [0, a 1 ] due to the monotonicity of F on [0, s 0 ). Multiplying (4.23) by a 2 s a and integrating from 0 to a 1 , we obtain
Lemma 4.2 shows the second term on the left hand side vanishes. Then we integrate the first term on the right hand side by parts to obtain
which is impossible.
Let us returned to the study of the asymptotic properties of solutions given by Proposition 4.5 under assumption (A1). Let
Due to remark 2.) following Lemma 4.9, (A1) implies that there exists a 1 > 0 such that (4.25) |s(a)| ≤ s 1 < s 0 , for a ≥ a 1 and |s(a)| < s 0 for all a ≥ 0.
Let w = √ as and plug into (4.23), we obtain (4.26)
whereG(s) = − 
Since (4.25) implies s(a) for a > 0 is uniformly bounded, the last terms of (4.27) can estimated by (4.28) |a
by controlling |G s | and |G| by C or C|s| respectively, the latter of which holds as G s (0) = G(0) = 0. We also claim that there exists d ∈ [0, 1) such that
In fact, on the one hand, (4.25) implies s(a)Γ(s(a))is uniformly bounded away from 0 except when s(a) is close to 0. On the other hand, both F (s) and sΓ(s) are of order O(s 2 ) for |s| << 1. Therefore
is bounded for all a > 0 which implies (4.29). By (4.27), (4.29) and (4.28), we have
where |µΓ(a
. From (4.27), and (4.31), we obtain for a >> 1, there exists C > 0 such that
where the second term on the right hand side is given by (4.32) and the third term is given by (4.28). Hence,
This shows
Therefore, in (4.33) d can be taken as 0 and it gives |∂ a E| ≤ C a 2 . Meanwhile we also deduce from (4.27) along with (4.28) and (4.32) that
Finally, we let w = r cos θ , w a = (−µ) 1 2 r sin θ. Clearly
which along with the evenness of F implies
One may compute using the oddness of Γ and (4.36) (4.37) r a = − (−µa) 
. Note that (4.37) and (4.38) and some tedious but straight forward calculation of θ aa imply θ aa = O( 1 a ), and thus for n = 2, 4,
In summary, we have proved Proposition 4.13. Suppose µ < 0 and c 2 < −4(bk + k 2 ). Let W (a), defined for sufficiently large a > 0, be a solution of (4.9) satisfying condition (A1). Then there exist constants θ 0 ∈ R and E ∞ > 0 such that as a → +∞
In particular, the asymptotic form of σ implies β a = Instead, we will focus on compact target surface, i.e. s 0 < ∞. In addition to the global existence of solutions given by Lemma 4.9, we have Lemma 4.14. Suppose c = 0, s 0 < ∞, and µ > 0. Let W (a), a > 0, be a nontrivial solution of (4.9) such that s(0) = 0 and lim a→0+ a|W a (a)| = 0. Then Γ(s(a)) = 0 for all a > 0 and lim inf a→+∞ |s(a)| > 0.
Proof. On the one hand, Corollary 4.8 implies s(a) = (2n + 1)s 0 for any a > 0. On the other hand, from the assumptions of W (a) at a = 0 and equalities (4.6) and (4.10), we have for any a > 0
and thus s(a) = 2ns 0 for any a > 0. Without loss of generality, we may assume s(a) ∈ (0, s 0 ) for all a > 0.
To prove the lemma, we argue by contradiction. Assume lim inf a→+∞ s(a) = 0. Hence there exists a sequence 0 < a 0 < a 1 < . . . → ∞ such that s 0 > s(a 0 ) > s(a 1 ) > s(a 2 ) > . . . → 0 and s(a n ) = min a∈[a 0 ,an] s(a). Therefore,
On the right side of the above, due to the choice of the sequence {a n }, G(s(a n )) and F (s(a n )) converge to 0 as n → ∞ and the other two terms are non-negative. This is impossible and the lemma follows.
In the spirit of Lemma 4.14, without loss of generality, we assume
in the rest of this subsection. We shall study the behavior of solutions given by Proposition 4.5 as a → +∞ in a procedure much that in the last subsection. As Lemma 4.14 hints that s(a) → s 0 as a → +∞, let
where we added the positive constant A and those involving F (s 0 ) to make G 1 have positive lower bound without changing G 1s . We rewrite equation (4.23)
Let w = √ as and we have (4.42)
and one may compute
Since Γ(s 0 ) = 0 and Γ s (s 0 ) = −1, we have both F 1 (s) and 2 +O(s 4 ) for |s| << 1. Moreover Lemma 4.14 implies thatsΓ 1 (s) is away from 0 for a ≥ 1. Therefore, there exists d ∈ [0, 1) and C 1 > 0 such that
To handle the terms involving G 1 , which is even ins, we use the Taylor expansions of F and Γ at s 0 to obtain, for |s| << 1,
(4.45)
Since G 1 is smooth away from s 0 , therefore by choosing A reasonably large we have
for some constant C 2 > 0. It along with (4.44) implies
Based on (4.44) and proceeding much as in (4.27)-(4.35), one can show
After the above convergence is derived, we may set
in the definition in G 1 without changing anything. Using the above Taylor's expansions of G 1 and F 1 , we also obtain
As in the previous case, we shall derive more detailed expansion of w(a). In fact we need further distinguish two cases, namely, E ∞ = √ µ|c|F (s 0 ) and E ∞ > √ µ|c|F (s 0 ).
In the case of E ∞ = √ µ|c|F (s 0 ), (4.47) immediately implies
For E ∞ > √ µ|c|F (s 0 ), The leading order of w a would be of O(a −   1 2 ). In fact, multiplying (4.47) by w 2 we obtain
which motivates us to introduce
where we used (4.42) in the last equality. From (4.45) and the Taylor expansion of F 1 , it is straight forward to compute
It implies
(4.49) Similar (but tedious) calculation shows
Integrating the right hand side of (4.49) by parts much as in the previous subsection, using the faster decay of ∂ a E(a) = O(a −2 ) and r a and θ aa , we obtain θ(a) = θ 0 + 2µ
for some θ 0 ∈ R. Therefore,
Consequently, we obtain Proposition 4.15. Suppose s 0 < ∞, µ > 0, and 0 < c 2 < −4(bk + k 2 ). Let W (a), a >> 1, be a solution of (4.9) such that s(a) ∈ (0, s 0 ) and lim inf a→+∞ s(a) > 0. Then we have either
or there exist constants E ∞ > √ µ|c|F (s 0 ) and θ 0 such that
Remark 4.16.
(1) According to Lemma 4.14, all solutions W (a) of (4.9) given by Proposition 4.5 satisfies the assumptions of the above proposition.
(2) The first scenario in the above is a rare phenomenon. In fact, one can prove that, among all solutions satisfying the assumptions (near a = ∞) of the above proposition, exactly one solution is in the first scenario. However, the proof is more technical and also it is not clear whether that particular solution W (a) satisfies s(0) = 0. So we omit that proof. (3) Recall (s, β) is the polar coordinate system on the target surface. The angular derivative
for some constant C 0 > 0. Therefore, unlike the case of µ < 0 where W (a) converges to the rotation center s = 0 (at the tangential level) along one single geodesic as a → ∞, here the curve W (a) converges to the other rotation center s = s 0 in a spiraling fashion with the angular speed uniformly bounded away from 0.
4.6. Equivariant standing waves of the Ishimori system. In this subsection, given (µ, k, c) none of which vanishes, we construct weak solutions u(t, x, y), φ(t, x, y) of the original Ishimori system (1.1) targeted on S 2 or H 2 which are (µ, k, c)-equivariant in the sense of (3.5). In hyperbolic coordinates in each cone of R 2 , these solutions are written in terms of W (a), ψ(a) as in (4.1) and satisfy equations (4.3)-(4.4) in respective cones.
The case of S 2 . Take a constant b such that
± (a) , a > 0, be solutions of (4.3) with parameters (µ, k, c, b) (for solutions with supscript 'h') and (−µ, k, c, b) (for solutions with supscript 'v'). such that 
As a → +∞, depending on the sign of µ, two of the four solutions W h,v ± (a) converge to the north pole and the other two converge to the south pole. As in the previous subsections, denote the polar coordinates on S 2 
Here as in Section 2,
From equation (4.7), the field φ h,v ± can be chosen to be
where a and α are given as in the above. From our construction, u(t, τ, ±τ ) = (1, 0, 0) for all τ ∈ R and functions u, φ (t, x, y) satisfy (1.1) pointwisely at any (t, x, y) as long as |x| = |y|. In order to show that they are weak solutions of (1.1), we will apply Propostion 2.1. We start with verifying conditions (2.1). Since u is continuous and φ has at most logarithmic singularity (as ξ, η → 0), it is obvious that u, φ ∈ L 1 loc . The estimate on u ξ and u η are similar and we shall focus on u ξ . Being tangent vectors on S 2 , one may compute u ξ using (4.1)
This inequality, along with a similar estimate on u η , implies that ∇u, φ∇u, and u x ∧ u y belong to L 1 loc (R 2 ) and thus (2.1) is satisfied. In order to verify (2.7), we rewrite the above defined φ near the cross ξη = 0 to single out the logarithmic terms
satisfy all the conditions given in (2.7). Since u(t, ξ, 0) ≡ (1, 0, 0), clearly |u ξ (t, ξ, 0)| = 0. From the above estimate on u ξ , take any 1 < p such that (1 − 1 2 κ)p < 1 which is always possible, then on any finite interval I ′ of ξ, we have
Similar estimate holds for u η and thus conditions (2.7) are satisfied. Finally, we look at the conditions in Proposition 2.1. Since φ 1,2 are t-independent and piecewise constant, u ξ (t, ξ, 0) ≡ 0 ≡ u η (t, 0, η), and φ h,v
3± (t, 0, η) which implies φ 3 is continuous on R 2 , we only need to consider the continuity of φ ± 1,2 which in our case is equivalent to
at (0, 0).
These are satisfied as these constant functions are indentical. Therefore the above constructed (u, φ) are weak solutions of (1.1) which are equivariant.
The case of H 2 . The construction of weak solutions of (1.1) which are weak solutions targeted on H 2 is very similar with (4.51) and (4.52) slightly modified. We will not repeat the whole procedure. Compared to the S 2 case, the major difference in the H 2 case is that we have to take the value of u in one pair of cones (either horizontal or vertical) to be constant (u 0 = 1, u 1 = 0, u 2 = 0) since we did not obtain Proposition 4.15 for noncompact target manifolds. Namely, if µ > 0, u takes constant value in horizontal cones and if µ < 0, u takes constant value in vertical cones. The verification that these (u, φ) are weak solutions also follows from the same procedure. In particular, the same inequality (4.53) yields the local (in ξ and η) estimate on the geometric length
Since on any bounded subset of H 2 , when restricted to T H 2 , the Lorenz metric is equivalent to the Euclidean metric, we conclude ∇u ∈ L 1 loc . Other conditions of Proposition 2.1 are verified following identically same steps.
The proof of Main Theorems 1 and 2 is completed.
4.7.
Radial standing waves. The radial solutions can be thought as a special class of equivariant solutions, which correspond to k = 0. The main statement of this subsection is the following lemma.
Lemma 4.17. No nontrivial radial standing wave of (1.1) satisfies (4.6).
Proof. We will prove the lemma by contradiction. We will only consider (4.3) in the right side horizontal cone. Since k = 0, equation (4.9) becomes
Meanwhile through the same argument as in Lemma 4.6 and using (4.6), one may verify that (4.55) ∂ a aΓσ + cF = 0 =⇒ σ = cF aΓ .
We will consider the cases of c = 0 and c = 0 separately.
The case of c = 0. Multiplying it by a 2 W a we obtain
This and the above formula for σ implies
For |a| << 1 which yields |s| << 1, we obtain from Let ρ = as a and τ = log a and it is easy to obtain (4.56)
Linearize at (s, ρ, a) = (0, 0, 0), the Jacobian matrix is
manifold corresponds to {a = 0} and the 1-dim unstable manifold is exactly {s = 0, ρ = 0} and thus no nontrivial solution exists satisfying (4.6).
Equivariant standing waves in similarity variables.
We note that (1.1) is invariant under scaling u λ (t, x, y) u(λ 2 t, λx, λy) , φ λ (x, y) φ(λx, λy).
Thus, we also consider equivariant standing wave solutions of (1.1) in the similarity variables u, φ (t, r, α) = R(µ log |t| + kα)W (r), ψ(r) + cα , where r = a|t| − 1 2 is the similarity variable and a is the hyperbolic radial variable. Without loss of generality, we take t > 0, namely, r = at − 1 2 . Our main result of this section is Main Theorem 3. For any given (µ, k, c) ∈ R 3 none of which vanishes, system (1.1) admits nontrivial (µ, k, c)-equivariant standing wave solution solutions from R + × R 2 to S 2 or H 2 which are weak solutions. These solutions satisfy u(t, τ, ±τ ) = (1, 0, 0) for all τ ∈ R and take the following form in each of the four cones on R 2
b is any constant satisfying −4(k 2 + bk) > c 2 and 
where s 0 = π for S 2 and +∞ for H 2 .
Remark 5.1. In fact, in the case of S 2 , if
then it is possible to choose b such that in each cones the limit s ⋆ ∈ (0, π). This is due to Corollary 5.8. The above condition allows us to choose b such that the conditions there are satisfied.
We notice that the existence of equivariant standing waves in similarity variables is very similar to that in regular hyperbolic variables, as well as their properties near the cross |x| = |y|. However, their asymptotic properties at |r| = +∞ and |a| = +∞ are drastically different. Equivariant standing waves in regular hyperbolic variables converge to one of the rotation centers on the target manifold, while those in similarity variables converge to points on the target manifolds which are most likely not rotation centers. 
It is clear that these equations are invariant under r → −r, so we will consider r > 0 in the following.
Comparing the above systems with (4.3) and (4.4), we observe that the only difference is the extra term − r 2 W r . On the one hand, this term does make substantial difference in our analysis of the asymptotic properties of these ODE systems. Indeed the solutions of the ODE systems may not converge to rotation centers as a → ∞ and we will obtain less detailed asymptotic expansion of solutions as r → ∞. Moreover, one also realizes that the first part of symmetry properties in Remark 4.1 doesn't hold here. On the other hand, some part of the analysis does not depend on the sign in front of r 2 W r and are similar to that of (5.1) and (5.2). Therefore, we will still mainly focus on equation (5.1) in the horizontal cones. Some details will be skipped because some of the analysis we are able to carry out in this section (especially for local solutions where r is small) is much as (but somewhat less than) those in the regular hyperbolic variable case in Section 4.
(2) Under same type of assumptions, the global existence of solutions of (5.6) is obtained in exactly the same way as in Lemma 4.9 where the term involving J W a did not play any role. (3) Following the same arguments as in Subsection 4.6, one may verify that solutions to (5.1) and (5.2) yield weak solutions of (1.1) for t = 0.
The above proposition and remarks completing the proof of the statements in the main theorems concerning the existence of solutions and their properties for |r| << 1. We shall focus on analyzing the asymptotic behavior of these solutions as r → ∞.
5.2.
Asymptotic properties of solutions of (5.1) at r = +∞. We first claim Lemma 5.5. Assume c 2 < −4(bk + k 2 ).
(1) Suppose the target surface is compact then solutions obtained in Proposition 5.3 exist for all r and Proof. The proof of the second part of the lemma is same as as the that of the second part of Lemma 4.9, where the extra term r 2 J W r disappears in the energy estimates. We omit the details. The proof of the first part where the target manifold is compact is only a small modification as well. To see this, we multiply (5.6) by W r to obtain
Since Γ, Γ s , and F are uniformly bounded, we obtain that
′ is decreasing and bounded from below. Therefore, this quantity converges and 1 r |W r | 2 is integrable, which also implies the convergence of Multiplying (5.6) by r 2 W r and using the above equality, we obtain
Since s(0) = 0 for all solutions obtained in Proposition 5.3, it implies 1 2 |rW r | 2 + G − 2µ(rΓσ + cF ) = 0, which is equivalent to
The conclusions of the lemma follow immediately from the above identity. In fact, under the assumptions of Lemma 5.5, the right hand side of (5.13) is uniformly bounded for all r (any µ for compact target surface and µ < 0 and small s(r 0 ) for noncompact surfaces), we first obtain the estimates on s r and σ. Consequently, those estimates along with (5.10) imply the convergence of s(r). Finally, suppose s(r 0 ) = 0 for some r 0 = 0, which means W (s(r 0 )) is at the starting rotation center, then (5.13) and the fact H(0) = 0 immediately implies W r (r 0 ) = 0. By the uniqueness of solutions to (5.1), we obtain W r ≡ 0 which is a contradiction. Equality (5.13) actually has stronger implications. It is clear the function H(s) defined in (5.13) is smooth, even in s, and satisfies H(0) = 0 and H ss (0) > 0 due to the assumption c 2 < −4(bk + k 2 ). Let Proof. We will consider 3 different cases. ) dr ′ .
For r >> 1, we haves For any r 1 , r 2 ∈ (r 0 , r * ) with r 1 ≤ r 2 , using the fact that the range of s(r), r ≥ r 0 , is in a compact subset of the target surface which means continuous quantities such as Γ, h, etc. are effectively uniformly bounded, we may compute log |h(s)| h cos θθ r rθ r dr.
Following the same integration by parts argument as in the above, we obtain s(r) = s ⋆ + O(r −2 ). The analysis of the above 3 cases completes the proof. Obviously the first condition is for Proposition 5.3. The second condition is equivalent to H(s 0 ) < 0 which implies s 1 < s 0 and thus s ⋆ ≤ s 1 < s 0 .
Appendix: a basic statement of local invariant manifolds theorem
In this appendix, we give a basic statement of the local invariant manifold theorem from dynamical system theory that were used in Subsections 4.2 and 5.1 to construct local solutions. If readers are interested in more details or the proof, they can be found in, for example, [6, 7] .
Let us consider a general nonlinear system near a fixed point In the following we will use B X (r) to denote the ball in X centered at 0 with radius r > 0. This also implies the uniqueness of W u when b > 0.
